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f(y)P (s, t, x, dy), f ∈ Bb(E), x ∈ E.
&   P (·, ·)  %  	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 P (s, t)f ∈ Cb(E)  f ∈ Cb(E)
 	 %  P (s, t)f ∈ Cb(E)  f ∈ Bb(E) %	 s ≤ t
  fi
	 		 P ∗(s, t)  	 P(E)
   	 	  	
(E,B) 
(P ∗(s, t)μ) (Γ) =
∫
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P (s, t, x,Γ)μ(dx), μ ∈ P(E),Γ ∈ B.
& 	 	
        P ∗(s, t)μ(Γ)
'(
   	
  	

 
   
 P (s, t) 
 P ∗(s, t)  
 

 
  Bb(E) 
 P(E)  
 
fi P (s, t) = P (s, r)P (r, t)

 P ∗(s, t) = P ∗(r, t)P ∗(s, r)    P(E)  
 

 
fi 
‖μ1 − μ2‖TV := sup
Γ∈B
|μ1(Γ)− μ2(Γ)|, μ1, μ2 ∈ P(E).
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∫
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P (s, t, x, E)μ(dx) = 1,
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 

‖P ∗(s, t)‖ = sup
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μ(f) =
∫
E
f(x)μ(dx), f ∈ Cb(E).
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 μ, ν ∈ P(E) 
 *
  μ(f) = ν(f) 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 f ∈ Cb(E)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 μ ∈ P(E), f ∈ Cb(E) 
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P ∗(s, t)μ(f) :=
∫
E
f(x)(P ∗(s, t)μ)(dx)
=
∫
E
∫
E
f(x)P (s, t, y, dx)μ(dy)
=
∫
E
P (s, t)f(y)μ(dy) "  $
= μ(P (s, t)f).
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P ∗(s, t)π = π = P ∗(s+ δ, t+ δ)π.
% 
 
 
 &     '
 
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fi   
Cα =
d∏
i=1
[αir, (αi + 1)r) ∈ B(Rd).
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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 K ∈ B  > 0 ηs∗ ∈ (0, 1]  ϕs∗ ∈ P(E)  
P (s∗, s∗ + T )Us∗ − Us∗ ≤ − 
 Kc, ! "#$
P (s∗, s∗ + T )Us∗ < ∞ 
 K, ! "%$
P (s∗, s∗ + T, x, ·) ≥ ηs∗ϕs∗(·), x ∈ K. ! 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 
 P (s∗, s∗ + T ) #  	 
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‖P (s− nT, t, x, ·)− ρt‖TV = 0  n → ∞. ! 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 s ≤ s∗
P (s, s∗)P (s∗, s∗ + T ) = P (s, s∗)P (s∗, s+ T )P (s+ T, s∗ + T )
= P (s, s+ T )P (s, s∗).
  P (s, s∗)       !" 
P (s, s+ T )P (s, s∗)Us∗ − P (s, s∗)Us∗ < −,  Kc.
 Us := P (s, s∗)Us∗ fi  $" % 
  P (s, s + T ) &'
Us fi  (" )   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  Us ≥ 0 * + Us 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s ∈ T  
 *   
  s ≥ s∗ ηs := ηs∗ ∈ (0, 1] 
ϕs := P
∗(s∗, s)ϕs∗ ∈ P(E) fi
P (s, s+ T, x, ·) ≥ ηsϕs(·), x ∈ K.   ,"
 P (s, s + T ) fi  -" '  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 x ∈ K  Γ ∈ B '  P (s, s+ T, x,Γ) < ηsϕs(Γ) 
P (s∗, s)P (s, s+ T, x,Γ) = P (s∗, s+ T, x,Γ) < ηsϕs(Γ),
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ηsϕs(Γ) > P (s∗, s+ T, x,Γ)
= P ∗(s∗ + T, s+ T )P (s∗, s∗ + T, x,Γ)
= ηs∗P
∗(s∗, s)ϕs∗(Γ),
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‖P (s, t, x, ·)− ρt‖TV = ‖P ∗(s+ nT, t)P (s, s+ nT, x, ·)− P ∗(s+ nT, t)ρs+nT‖TV
= ‖P ∗(s+ nT, t)P (s, s+ nT, x, ·)− P ∗(s+ nT, t)ρs‖TV
≤ ‖P (s, s+ nT, x, ·)− ρs‖TV .
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P (s− nT, t, x, ·) = P (s, t+ nT, x, ·)
= P ∗(s+ nT, t+ nT )P (s, s+ nT, x, ·)
= P ∗(s, t)P (s, s+ nT, x, ·).
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  K ∈ B    α ∈ (0, 1)  β > 0  	
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‖P (s, s,+nT, x, ·)− ρs‖TV ≤ R(V (s, x) + 1)rns , n ∈ N.   
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 $  s ≤ t x ∈ E 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t− s
T
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  
      R > 0, r ∈ (0, 1)   !" #	
V : E → R+  	
 

‖P (s, s+ nT, x, ·)− ρs‖TV ≤ R(V (x)+1)rn, #  x ∈ Rd, s ∈ T, n ∈ N.
   
'# fi V (s, x) := P (s, s∗)Us∗(x) 
  s ≤ s∗     

 
  s ∈ T ! "#  !
  $% ! # V (s, ·)
fi  & '! 
   P (s, s + T ) (' 
 !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   ! !    ! 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 ) *
"      # 
     fi" R = sups∈[0,T )Rs%
V (x) = sups∈[0,T ) V (s, x)  r = sups∈[0,T ] rs < 1 ! 
" 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  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  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ffi    &  !"'  
+    M(E)  %  
  
  (E,B) 

     P   T 	
	 
 		
   
 	 
 s∗ ∈ T  
  K ∈ B  > 0  Λ ∈ M(E) 
 Λ(K) > 0 P (s, t, x, ·) 
  	 p(s, t, x, y) 	  
 Λ

inf
x,y∈K
p(s∗, s∗ + T, x, y) > 0. &   ,'
  
 
	 
		
  ! 
" 
  

#

" -    !"  ffi   P (s∗, s∗ + T ) 
fi &  /' 
 s∗ ∈ T - 
 
 Λ(K) > 0
ηs∗ : =
∫
E
inf
x∈K
p(s∗, s∗ + T, x, y)dy
≥
∫
K
inf
x∈K
p(s∗, s∗ + T, x, y)dy
≥
∫
K
inf
x,y∈K
p(s∗, s∗ + T, x, y)dy
= inf
x,y∈K
p(s∗, s∗ + T, x, y)Λ(K)
> 0.
0
 ηs∗ ∈ (0, 1] $fi  

ϕs∗(Γ) :=
1
ηs∗
∫
Γ
inf
x∈K
p(s∗, s∗ + T, x, y)dy, Γ ∈ B.
,1
  	
 
 
    
  ϕs∗ ∈ P(E)  
  x ∈ K   Γ ∈ B
P (s∗, s∗ + T, x,Γ) =
∫
Γ
p(s∗, s∗ + T, x, y)dy
≥
∫
Γ
inf
x∈K
p(s∗, s∗ + T, x, y)dy
= ηs∗ϕs∗(Γ).

      ηs∗   
 !
 ϕs∗ 
  
" !      	
   #$   ffi!  

   & 
&
  
'!
 ( !&  
 


    !! "   
)   
*
  
& 
"  fi
M+(E) = {μ ∈ M(E)|μ(Γ) > 0,     Γ ∈ B}.
,   )  !   
 d  (E,B)  fi Br(x) := {y ∈
E|d(x, y) < r}        
! r > 0 
  x ∈ E
  	   P   T 	
	 
 		
   
 	 
 s∗ ∈ T  
  K ∈ B 	  
 		

0 ≤ r ≤ T  Λ ∈ M+(E)   P (s, t, x, ·) 
  
 	
p(s, t, x, y) 	  
 Λ  	 
	 
	
 
 K × K 
  
  
 
  Γ1,Γ2 ⊂ K  x ∈ K
P (s∗, s∗ + r, x,Γ1) > 0, P (s∗ + r, s∗ + T, x,Γ2) > 0.   -
   
 !
	 
		
 "#$ 
  
 "#$ 

%

 *)  y′ ∈ K"    -"  
       Γ ⊂ K"
P (s∗ + r, s∗ + T, y′,Γ) > 0.
(  )   " 
 ) z′ ∈ Γ ! 
p(s∗ + r, s∗ + T, y′, z′) ≥ 2,

   > 0 . ! !    
 ) r1, r2 > 0

   	
  	

 
 

p(s∗ + r, s∗ + T, y, z) ≥ ,  
 y ∈ Br1(y′) ⊂ K, z ∈ Br2(z′) ⊂ K.
  
 Γ ∈ B 
 y ∈ Br1(y′)
P (s∗ + r, s∗ + T, y,Γ) =
∫
Γ
p(s∗ + r, s∗ + T, y, z)Λ(dz)
≥
∫
Γ∩Br2 (z′)
p(s∗ + r, s∗ + T, y, z)Λ(dz)
≥ Λ(Γ ∩Br2(z′)).
     

P (s∗, s∗ + r, x, Br1(y
′)) > 0,  
 x ∈ K.
 p(s∗, s∗ + r, x, y)  
    x   
 !
 P (s∗, s∗+r, x,Γ)  
    x   "

 K
inf
x∈K
P (s∗, s∗ + r, x, Br1(y
′)) ≥ γ′,
  γ′ > 0 # "


inf
x∈K
P (s∗, s∗ + r, x, Br1(y
′)) ≥ γ := min
{
γ′,
1
Λ(Br2(z
′))
}
.
!  ! 
 $
"
%&! '
  
  

x ∈ K 
 Γ ∈ B
P (s∗, s∗ + T, x,Γ) =
∫
E
P (s∗ + r, s∗ + T, y,Γ)p(s∗, s∗ + r, x, y)Λ(dy)
≥
∫
Br1 (y
′)
P (s∗ + r, s∗ + T, y,Γ)p(s∗, s∗ + r, x, y)Λ(dy)
≥ Λ(Γ ∩Br2(z′))
∫
Br1 (y
′)
p(s∗, s∗ + r, x, y)Λ(dy)
= Λ(Γ ∩Br2(z′))P (s∗, s∗ + r, x, Br1(y′))
≥ γΛ(Γ ∩Br2(z′)).
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 
 
  
 

ϕ(·) = Λ(· ∩ Br2(z
′))
Λ(Br2(z
′))
,
   η = γΛ(Br2(z
′)) ∈ (0, 1] 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   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     ffi  		 ! 
	   (Rd,B(Rd))  	   B(Rd) 	  		
( σ   Rd 	  〈·, ·〉 	 ‖·‖  	  		 
	 	   Rd "   	fi Br(y) := {x ∈ Rd| ‖x− y‖ < r}
      	 r > 0 	  y )	 	  
 Br :=
Br(0) * R
d   Λ   %   !  GL(Rd) 	
   
  d×d  	  L2(Rd) := {σ ∈ Rd×d|‖σ‖2 < ∞}
 ‖σ‖2 =
√
"(σσT ) =
√∑d
i,j=1 σ
2
ij   		 +  
!  C1,2(R+×Rd) 	       
	ff    fi 
  	  	ff     

  !  C∞b (Bn) 	    fi 	ff  
	
 		   Bn + b : R
+×Rd → Rd 	 σ : R+×Rd → Rd×d
 	     %-      K ⊂ B(Rd)   
 L = L(K) 	 M = M(K)   ‖b(t, x)− b(t, y)‖ ≤ L ‖x− y‖
	 ‖σ(t, x)− σ(t, y)‖2 ≤ M ‖x− y‖2  x, y ∈ K "  . /
%-  K = E fi   ‖σ‖∞ := sup(t,x)∈R+×Rd‖σ(t, x)‖2  +
 β = (β0, β1, ..., βd) ∈ Nd+1, 	fi   	

 ∂β := ∂|β|
∂
β0
t ∂
β1
x1
···∂βdxd
 |β| :=∑di=0 βi
01
  	 
 
  	 
 
  	   Xt = X
s,x
t 	 T 
    
⎧⎨
⎩
dXt = b(t,Xt)dt+ σ(t,Xt)dWt, t ≥ s,
Xs = x, x ∈ Rd.
  
! b ∈ C(R+ × Rd,Rd)  σ ∈ C(R+ × Rd, GL(Rd))  T  
b(t, ·) = b(t+ T, ·),  σ(t, ·) = σ(t+ T, ·),
 Wt   d" #$    %%"  (Ω,F ,P)
&  "' $   ffi """   " 
  "    ffi   "  & fi"
	    ' L(t)  	 %
L(t)f(t, x) = ∂tf(t, x)+
d∑
i=1
bi(t, x)∂if(t, x)+
1
2
d∑
i,j=1
(
σσT
)
ij
∂2ijf(t, x), f ∈ C1,2(R+×Rd).
 * 
      Ps,x  Es,x    %%"
  + "    	  (s, x) ∈ R+×
R
d   , " +'   fi    "
P (s, t, x,Γ) := Ps,x(Xt ∈ Γ), s < t,Γ ∈ B.    
- , " + $    Xt  	"   
(s, x) ∈ R+ × Rd'
P
s,x{η∞ = ∞} = 1,  . 
$
η∞ := lim
n→∞
ηn, ηn := inf
t≥s
{‖Xt‖ ≥ n}, n ∈ N.
/  $""$  $ b  σ  0'     " 
1
"2 '  , " + 3"+	  ffi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ηn = inf
t≥s
{‖Zt‖ ≥ n}, Znt = Zt∧ηn ,
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P
n(dω) = P(dω)Mnt ,
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Mnt = exp
(
−1
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∫ t∧ηn
s
α2(r)dr −
∫ t∧ηn
s
α(r)dWr
)
,

 α(r) = σ−1(r, Zr)[ϕ(r) − b(r, Zr)] . 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 α(r) 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 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α(r)dr
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dW˜ nr = dWr + α(r)dr
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ϕ(t) = σ(t, Zt)α(t) + b(t, Zt)
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Znt = x+
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ϕ(r)dr +
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σ(r, Znr )dWr
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[σ(r, Znr )α(r) + b(r, Z
n
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σ(r, Znr )
[
dW˜ nr − α(r)dr
]
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b(r, Znr )dr +
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σ(r, Znr )dW˜
n
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P(Xnt ∈ Γ) = Pn(Znt ∈ Γ), Γ ∈ B(Rd).
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P
n(ηn > t) = P
n( sup
s≤r≤t
‖Zr‖ ≤ n)
= Pn( sup
s≤r≤t
‖Xr‖ ≤ n)
→ 1, n → ∞.
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Mt = exp
(
−1
2
∫ t
s
α2(r)dr −
∫ t
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α(r)dWr
)
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E[Mt] ≥ E[Mnt I{ηn>t}] = Pn(ηn > t) → 1  n → ∞.
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Mnkt
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α(r)dr
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ϕ(r)dr +
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P(Xt ∈ Γ) = P˜(Zt ∈ Γ), Γ ∈ B(Rd).
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P(‖Zs,xt − a‖ < δ) > 0.
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dYt = σ(t, Yt)dWt,
Ys = x.
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I1(y) = y +
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f(r, y)dr, y ∈ Rd.
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Zs,xt = Yu +
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f(r, Yu)dr +
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σ(r, Zr)dWr.
 I1 = I1(Yu)  I2 =
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σ(r, Zr)dWr. 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3
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eλtV (t,Xt)
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= eλt(λV + L(t)V )dt+ eλt〈∇V, σdWt〉,
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V (t,Xt) = e
−λ(t−s)V (s,Xs) +
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s
e−λ(t−r)(λV + L(r)V )dr +
∫ t
s
e−λ(t−r)〈∇V, σdWr〉
≤ e−λ(t−s)V (s,Xs) + C
λ
(
1− e−λ(t−s))+
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s
e−λ(t−r)〈∇V, σdWr〉.
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E
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(
C
λ
− Us(x)
)
.
 Us  ,2 
) fi   > 0
K =
⋂
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1− e−λT
}
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2pi∑
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Sik−1x
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2pi
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< ∞,
 #     #
$ %
& 
2〈b(t, x), x〉 ≤
d∑
i=1
(
c˜i − λx2pii
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ci − λ‖x‖2.
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)(∫ t
s
(e−(t−r)DNdWr)j
)]
=
d∑
k,k′=1
NikNjk′E
s,x
[(∫ t
s
e−(t−r)λidW kr
)(∫ t
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[∫ t
s
e−(t−r)(λi+λj)dr
]
=
(MσσTMT )ij
λi + λj
(
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∫
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∞∑
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yk
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∞∑
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‖P (s, s+ t, x, ·)− ρs+t‖2TV
≤ 1
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DKL(P (s, s+ t, x, ·)||ρs+t)
=
1
4
(
1− e−2tA + (ξ(s+ t)− e
−tAx− J(s, s+ t))2
σ2/2α
− 1− ln(1− e−2tA)
)
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1
4
(
e−2tA(ξ(s)− x)2
σ2/2α
+
1
2
e−2tA
1− e−2tA
)
≤ e
−2tA
σ2
A
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(
(ξ(s)− x)2 + σ
2
4A
1
1− e−2δA
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{
1 + γ, rs +
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}
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e−2At
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α
2
Rs
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)2 (
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S(t) =
A0
2
+
∞∑
n=1
An cos
(
2nπ
T
t− nπ
)
+Bn sin
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2nπ
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S(t) sin
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)
dt.
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π(Γ) =
∫
Γ
exp
(
−2U(x)
σ2
)
dx, Γ ∈ B.
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∫
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6 /  ,	 x = (x1, · · ·, xd) 


	 α ∈ Nd * 	fi
	 xα := xα11 · · · xαdd  8 α, β ∈ Nd* 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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fi β ∈ Nd!  fi ∑Nα≥β Cα := ∑|α|≤Nα≥β Cα. "
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 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 f1, f2, g : R
d → R!   max{f1, f2} = o(g)
 lim‖x‖→∞
max{|f1(x)|,|f2(x)|}
g(x)
= 0. % $ 
  
#  > 0!  
R > 0  

max{|f1(x)|, |f2(x)|} ≤ 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V (t, x) =
d∑
i=1
Six
p
i +
p−1∑
|α|=0
Sα(t)x
α, p ∈ 2N := {2, 4, ..., },
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∂tV =
∑p−1
|α|=0 S˙αx
α,
∂iV = Sipx
p−1
i +
∑p−1
α≥ei αiSαx
α−ei ,
∂2iiV = p(p− 1)Six2p−2i +
∑p−1
α≥2ei αi(αi − 1)Sαx(α−2ei),
∂2ijV =
∑p−1
α≥ei+ej Sααiαjx
α−ei−ej , i = j.

‖∇V ‖2 =
d∑
i=1
(∂iV )
2 =
d∑
i=1
⎡
⎣S2i p2x2p−2i + 2Sip
p−1∑
α≥ei
αiSαx
α+(p−2)ei +
(
p−1∑
α≥ei
αiSαx
α−ei
)2⎤
⎦ .
) 
 V !∂tV ! ∂
2
ijV 

(
‖∇V ‖2 −∑di=1 S2i p2x2p−2i
)
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maxα∈Nd(supt∈R|Sα(t)|) < ∞ 
 maxi,j supx∈Rd(σσT )ij(x) < ∞  
+  $
    xα = o(
∑d
i=1 cix
2n
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 λ > 0
max
{
λV, ∂tV, ∂
2
ijV,
(
‖∇V ‖2 −
d∑
i=1
S2i p
2x2p−2i
)}
= o
(
d∑
i=1
S2i p
2x2p−2i
)
, 2 < p ∈ 2N.
  2 < p ∈ 2N 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  ∈ (0, 1
4
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  R > 0  
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
L(t)V + λV
≤ |∂tV | − ‖∇V ‖2 + 1
2
|
d∑
i,j=1
aijV |+ λV ≤ (4− 1)
(
d∑
i=1
S2i p
2x2p−2i
)
≤ 0, x ∈ BcR.
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Lf(x) = −〈∇U(x),∇f(x)〉+ 1
2
d∑
i,j=1
(σσT (x))ij∂
2
ijf(x), f ∈ C2(Rd).
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  K = K(c1, c2) ∈
B(Rd)  
c1‖x‖ ≤ c2U(x) x ∈ Kc.
   T 
 T > 0  ff  S : R+ →
R
d      !"
dXt = − [∇U(Xt) + S(t)] dt+ σ(Xt)dWt
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! V (t, x) = U(x) − 〈S(t), x〉 
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)!  
&  U 
 S$   
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L(t)V = −〈S˙, x〉 − 〈∇U(Xt) + S(t),∇U(Xt)− S(t)〉+
d∑
i,j=1
(σσT (x))ij∂
2
ijV
= −〈S˙, x〉 − ‖∇U‖2 + ‖S‖2 +
d∑
i,j=1
(σσT (x))ij∂
2
ijU
= ‖S‖2 − 〈S˙, x〉+ LU.
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L(t)V ≤ ‖S‖2 − 〈S˙, x〉+ C − λU
= ‖S‖2 − 〈S˙, x〉+ C − (λ− λ−)U − λ−U + (λ− λ−)〈S, x〉 − (λ− λ−)〈S, x〉
= ‖S‖2 − 〈S˙ + (λ− λ−)S, x〉+ C − (λ− λ−)V − λ−U
≤ ‖S‖2 + ‖S˙ + (λ− λ−)S‖∞‖x‖+ C − (λ− λ−)V − λ−U,
 ‖S˙ + (λ− λ−)S‖∞ := sups∈[0,T ]‖S˙(s) + (λ− λ−)S(s)‖ < ∞  S  S˙
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c := sup
x∈K
(
‖S˙ + (λ− λ−)S‖∞‖x‖ − λ−U
)
< ∞.
  L(t)V ≤ (C + c+ ‖S‖2)− (λ− λ−)V 
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 "!    
 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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     ffi   
 "    p(s, t, y, x)   

 	
 

! P (s, t, y, ·) 
  "  
  
 , (ρt)t∈R+ % 


  %
% 
 
 ρt = P
∗(s, t)ρs  s ≤ t!  %
%9  
ρt(Γ) =
∫
Rd
P (s, t, y,Γ)ρs(dy)
=
∫
Γ
(∫
Rd
p(s, t, y, x)ρs(dy)
)
dx, Γ ∈ B(Rd), s ≤ t. :   (;
5 ρ  
  
! 
ρt(Γ) = ρt+T (Γ) =
∫
Γ
(∫
Rd
p(t, t+ T, y, x)ρt(dy)
)
dx,

   
 q(t, x) =
∫
Rd
p(t, t+T, y, x)ρt(dy)    
 
 ρt 
 %  &,<.)1 
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 
 	 	  q 	   
    		 q 	fi
q(t, x) =
∫
Rd
p(s, t, y, x)q(s, y)dy, s ≤ t,   
 	   	
   
 !
  ! "	 	 #	 
"$%" 		 q 	fi 	 "& '%%$% (	
⎧⎨
⎩
∂tq = L
∗(t)q,
limt↓s q(t, ·) = q(s, ·).
" L∗(t)  	 '%%$%  	 & 

L∗(t)q = −
d∑
i=1
∂xi(bi(t, x)q) +
1
2
d∑
i,j=1
∂2xixj
((
σσT (t, x
)
ij
q
)
.  )*
# 	 	 " " "
 ! bi  	
 x$ff	 σij
 	" 	
 x$ff	  	  	 L∗(t)  !

 	  	 	 λ > 0  		 〈ξ, σσT (t, x)ξ〉 ≥ λ‖ξ‖2   (t, x) ∈
R
+ × Rd  ξ ∈ Rd
# 	 "& "   	 		 X ∼ q 	 	 		 	 !
 X  		 
  	
 	
 q ∈ L1(Rd) ' !
 X0  X1 " "	 X0 ∼ X1  	
  	 ! 		
, 		    	 "&  !!
     (X0t )t≥s , (X
1
t )t≥s+T  	
 
   T 

    X0s ∼ X1s+T  X0s+t ∼ X1s+T+t 
  t ≥ 0.


 ' 	 	 X0s ∼ X1s+T ∼ q ∈ L1(Rd)  p0(s + t, ·) 	
	 		  X0s+t  !
 p
1(s + T + t, ·)  X1s+T+t - pk
	fi 	 '%%$% (	   k = 0, 1  t ≥ 0
⎧⎨
⎩
∂tp
k(t+ kT, x) = L∗(t+ kT )pk(t+ kT, x),
pk(s+ kT, ·) = q.
#	   		 L∗(t) = L∗(t+T ) 
 	 T $  ffi	 /
 	 	

 	 '%%$%  	 	  
 	  		 pˆ(t, ·) := p0(s+t, ·)−p1(s+
t+ T, ·) 	fi
0
   	
  
 ff
 

⎧⎨
⎩
∂tpˆ = L
∗(t)pˆ t ≥ 0,
pˆ(0, ·) = 0.
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
  

 
     

pˆ(t, ·) = 0  
 t ≥ 0    
    p0(s +
t, ·) = p1(s+ T + t, ·)  
 t ≥ 0
! "
  #$%  
  
  
  
    
  	
   T 	
    bi ∈ C1,1(R+ × Rd) 
σij ∈ C1,2(R+ × Rd)  q ∈ C1,2(R+ × Rd) ∩ L1(Rd) fi ρ : R+ → P(Rd)

ρt(Γ) =
1
‖q(t, ·)‖L1(Rd)
∫
Γ
q(t, x)dx, t ≥ 0,Γ ∈ B(Rd). & '#(
 ρ   T 	
      
⎧⎨
⎩
∂tq = L
∗(t)q,
q(0, ·) = q(T, ·).
& ')(
!"   #  $    %&"     $ 

   q
' * 

 + 
     
%   q(t, x)
 
 , ρ  
 T - 
   q%  
fi% ρt = ρt+T  
 t ≥ 0 
∫
Γ
q(t, x)dx = ρt(Γ) = ρt+T (Γ) =
∫
Γ
q(t+ T, x)dx, Γ ∈ B(Rd).
,    
 Γ ∈ B(Rd)%   
 q(t, ·) = q(t+T, ·) /  

%    0 
 p(s, t, y, x) 
fi  *00-
0 

∂tp(s, t, y, x) = L
∗(t)p(s, t, y, x).
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∂tq(t, x) =
∫
Rd
∂tp(s, t, y, x)q(s, y)dy
=
∫
Rd
L∗(t)p(s, t, y, x)q(s, y)dy
=
∫
Rd
−
d∑
i=1
∂xi(bi(t, x)p(s, t, y, x))q(s, y)dy
+
∫
Rd
1
2
d∑
i,j=1
∂2xixj
((
σσT (t, x
)
ij
p(s, t, y, x)
)
q(s, y)dy
:= A+B.
  	 fi	 	"  
A = −
d∑
i=1
∫
Rd
[∂xi(bi(t, x))p(s, t, y, x) + bi(t, x)∂xi(p(s, t, y, x))] q(s, y)dy
= −
d∑
i=1
∂xi(bi(t, x))
∫
Rd
p(s, t, y, x)q(s, y)dy −
d∑
i=1
bi(t, x)∂xi
∫
Rd
p(s, t, y, x)q(s, y)dy
= −
d∑
i=1
∂xi(bi(t, x))q(t, x)−
d∑
i=1
bi(t, x)∂xiq(t, x)
= −
d∑
i=1
∂xi(bi(t, x)q(t, x)).
#"$$
  	  	"  
B =
1
2
d∑
i,j=1
∂2xixj
((
σσT (t, x
)
ij
q(t, x)
)
.
% 	 	
 	 q(·, ·) 	fi
⎧⎨
⎩
∂tq = L
∗(t)q,
q(t, ·) = q(t+ T, ·)  $$ t ≥ 0.
&
 '""  ( 	 ffi 		 	 * $ fi$$
  t = 0  
  +,
%  	    +, $ % '""  ( 
$
		 q(t, ·) = q(t + T, ·)  $$ t ≥ 0 % 
 	 		  +( ρ 
-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 ff
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T      
  ! "#   
 
  
 Γ ∈ B(Rd)
P ∗(s, t)ρs(Γ) :=
∫
Rd
P (s, t, y,Γ)ρs(dy)
=
∫
Rd
[∫
Γ
p(s, t, y, x)dx
]
q(s, y)dy
=
∫
Γ
q(t, x)dx
= ρt(Γ),
$ 
 ρ  
 T  "

%  
 &

'( )
  
'    %"  *+ 
  
,-./  $  
 (t,Xt)#  
  


    00
0 
 L∗  q(t, x) 
$
L∗(t)q := −∂tq(t, x) + L∗(t)q(t, x) = 0.  1 
%  '
   1*  

$$ 2)'#  

  


 " 
  
 #    ffi  q   
     "
 %"  *+ ) 
  
 
   
 4 ,-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    

#  
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  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
 4 
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"
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 L∗(t) 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 8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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L∗(t)q = −∂tq − ∂x((S(t)− αx)q) + σ
2
2
∂2xq
= −∂tq − S(t)∂xq + αq + αx∂xq + σ
2
2
∂2xq

   "
  ρt = N
(
ξ(t), σ
2
2α
)
# ) ξ(t) = e−αt
∫ t
−∞ e
αrS(r)dr
2#      "
  $'  
q(t, x) =
1√
πσ2/α
exp
(
−(x− ξ(s))
2
σ2/α
)
.
;+
  	
   
 	
ξ˙ = −αξ + S(t), ∂tq = 2 α
σ2
ξ˙(x− ξ)q, ∂xq = −2 α
σ2
(x− ξ)q,

∂2xq = −2
α
σ2
[∂x(xq)− ξ∂xq] = −2 α
σ2
[
1− 2 α
σ2
(x− ξ)2
]
q.
 			 	
 	   
L∗(t)q
q
= −2 α
σ2
ξ˙(x− ξ) + 2 α
σ2
S(t)(x− ξ) + α− 2α
2
σ2
x(x− ξ)− α
[
1− 2 α
σ2
(x− ξ)2
]
= 2
α2
σ2
ξ(x− ξ)− 2α
2
σ2
x(x− ξ) + 2α
2
σ2
(x− ξ)2
= 0.
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"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p(s, t, y, x) =
1√
σ2
α
(1− e−2α(t−s))
exp
(
−(x− e
−α(t−s)y − J(s, t)
σ2
α
(1− e−2α(t−s))
)
	fi
−∂tp(t, x) + L∗(t)p(t, x) = 0,
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ηD(s, x) := inf
t≥s
{Xt /∈ D|Xs = x} = inf
t≥s
{Xt ∈ ∂D|Xs = x}, !"
		 x ∈ D 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ηD(s, x) = ∞  Xt 		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τD(s, x) := ηD(s, x)− s !$

	   D  		 fi	
 		  	  	 
D 	 η(s, x) = ηD(s, x) 
 τ(s, x) = τD(s, x) % &' 		 η(s, x) 
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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  τ(s, x) 
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n−1⋂
m=1
{Zsm ∈ D}.
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∂tpD(s, t, x, y) = L
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7 kt, kx ∈ N "   Ckt,kx(I × D)     ! 	
kt	ff	 !	 	 t  	 kx	ff	 !	 	 x
. θt, θx ∈ (0, 1] "  Ckt+θt,kx+θt(I ×D)    ! Ckt,kx(I ×D)
:'
  	
  
 
 	
 

   
 kt
 t	
 	 kx
 x	
 	 θt 	 θx
	  

 	  
 
 	 
    
  

 
 	
  !" 
	
 
 
 	 	# 
	 


   " $	  %
  & '  θ ∈ (0, 1](
)* 	D ∈ B(Rd)  
 	  
 "	 ∂D ∈ Cθ(Rd−1)
)* + ffi
 aij, bi ∈ C θ2 ,θ(D¯T )
)* + 	
 a(s, x) = (aij(s, x))   
  
 

α > 0  
	

〈a(s, x)ξ, ξ〉Rd ≥ α ‖ξ‖2Rd , (s, x) ∈ DT , ξ∈ Rd. ) %-*
	
	  	.
 	
 L∗(t)   ff
	"
   (
  

  	& '  θ ∈ (0, 1]( 0
 1%  	 
aij, bi ∈ C1+θ,2+θ(D¯T ) 	 ∂D ∈ C2+θ(Rd−1)
2
  # 
	
  0
 1 ( 
 
 
 	  

 pD(s, ·, x, ·) ∈ C1,2(DT ) 
 ) 3* 4( pD(s, t, x, y)  .


  (x, y) ' 
	(   	 
 5
 6( 0	
 7 
8'9 : + ; 	 	 
  	 	 
 
  
 
8<	-3( 	% ( =39:  
 ffi
 	 

  
 
 

 ffi
 	 ' 	
  
 # ;
 

 ; 	(  	 η 
 	 fi
  
 	
 
	

 
 	  $	  %

     	

   
 
     
 η  fi 
 
 
τ¯(s, x) =
∫ ∞
s
∫
D
pD(s, t, x, y)dydt, ) %%*
 pD(s, ·, x, ·)    

 
 


 $
 G(s, t, x) " 
 "	"
 
	
 
  
	
; 	
 x 	
 

s  
 
 D 	
 
 t ≥ s 2 
 	
 "(  
	
 (s, x) 	
66
   	 
	  	
fi    G 	   	  t   	 
		  pD  
G(s, t, x) =
∫
D
pD(s, t, x, y)dy.   !"
#   
G(s, t, x) = P(η(s, x) > t) = 1− P(η(s, x) ≤ t).

 	 pD 	 t$	ff	    !" 	 	    	 pη(s, t, x)
	  η(s, x) 	 
pη(s, t, x) = −∂tG(s, t, x).   &"
'  	 x ∈ D  G(s, s, x) = 1 '    ()
	*	
G(s, t, x) = P(η(s, x) > t) ≤ 1
t2
E
[
η2(s, x)
]
, t > 0.
+	 G ≥ 0 	   limt→∞ tG(s, t, x) = 0   	 
  		  
η¯(s, x) =
∫ ∞
s
tpη(s, t, x)dt
= −
∫ ∞
s
t∂tG(s, t, x)dt
= −tG(s, t, x)|∞t=s +
∫ ∞
s
G(s, t, x)dt
= s+
∫ ∞
s
G(s, t, x)dt.
,
τ¯(s, x) =
∫ ∞
s
G(s, t, x)dt.    "

      !"
-	 fi	 fi   η   		  	 .    
  	 	   fi	 	 	  fi	    	
,/) 	*	 0 	  	      " 	 fi	
1 T $		 +   	       $
23
  	
  
 
 	
 

 τ¯  	 T   
   
	
 
 	 	
 
	  
 		
 		
  τ    
	 	 
 
		
  
    
 

  	 		 
 

	   !    ω 
 
  		
 	 θt 

 
  
 
  	 τ(s, x, ω) = τ(s + T, x, θTω)  "#$%&' 

 
	
      	

   
 
 T 
    
   η  fi 
 
  τ¯  
 T 



 ( )	 *%+ 	 , %%- . 	
τ¯(s, x) =
∫ ∞
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s,x [ϕ(η,Xη)] = ϕ(s, x)+E
s,x
[∫ η
s
(∂t + L(t))ϕ(t,Xt)dt
]
, ϕ ∈ C1,20 (R+×Rd).
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	
 f : D → R 
  
 	 ‖f‖Lp(D) :=
(∫
D
|f(x)|pdx)1/p <
∞ 	  β = (β1, · · ·, βd) ∈ Nd fi |β| =
∑d
i=1 βi  	 

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	 f  fi ∂βf := ∂β11 · · · ∂βdd f  " 	 k ∈ N,
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fi 
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  #		$ 
 W k,p(D) 	 	  	
 f 
 
 	 ‖f‖Wk,p(D) :=
(∑
|β|≤k‖∂βf‖pLp(D)
)1/p
< ∞   W k,p0 (D) =
{f ∈ W k,p(D)|f = 0 	 ∂D} 	 p = 2 L2(D)  Hk0 (D) := W k,20 (D)
 % 

  	 〈f, g〉L2(D) :=
(∫
D
f(x)g(x)dx
)1/2

〈f, g〉Hk0 (D) :=
∑
|β|≤k
∑d
i=1〈∂βf, ∂βg〉L2(D) 
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LR(s) := L(T − s) =
d∑
i=1
bi(T − s, x)∂i + 1
2
d∑
i,j=1
aij(T − s, x)∂2ij, s ∈ [0, T ],
' *+)
	 Lp(D) ,	  D(LR(s)) = W 2,p(D) ∩ W 1,p0 (D) ⊂ Lp(D) 	  s ∈
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∂sv − LR(s)v = f,  DT ,
v = 0 	 [0, T ]× ∂D,
v(0, ·) = v(T, ·),
' *2)
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⎪⎪⎪⎩
(∂s − LR(s))v = f, 	 DT ,
v = 0,  
×∂
v(0, ·) = v0  D,
 
	    	 !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    	 v ∈ C([0, T ],W 2,p(D)∩W 1,p0 (D) 	 	#	#
dv
ds
∈ C((0, T ), Lp(D)) 	  v 	fi   	 Lp(D) ()* +*,
-* .	   φ(s, x) 	"	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(∂s − LR(s))φ = 0, 	 (r, T )×D,
φ = 0  [r, T ]× ∂D,
φ(r, ·) = φr, 	 D.
 /
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 φr ∈ Lp(D)  / 	   1  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 % # 	 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Φ(r, s) : Lp(D) → W 2,p(D) ∩W 1,p0 (D), r ≤ s ≤ T,  
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Φ(r, s)φr := φ(s).  2
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	& " Φ(r, r) = Id 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Φ(r, s) = Φ(s, t)Φ(r, s) 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)*  & 	"
	 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v(s) = Φ(r, s)vr +
∫ s
r
Φ(r′, s)f(r′)dr′.   
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  	 A : Lp(D) → W 2,p(D) ∩W 1,p0 (D) "
Aϕ := Φ(0, T )ϕ+
∫ T
0
Φ(r, T )f(r)dr.  ,
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∂D ∈ C2(Rd−1)   
		 	  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    		 v0 ∈
W 2,p0 (D) 

fi
  		 " "#
v ∈ C(D¯T ) ∩ C1+ θ2 ,2+θ((0, T ]× D¯).  $
%&	'  d < p < ∞' (# )	(	* &("'  v ∈ C 1+ξ2 ,1+ξ(D¯T ) ∩
C1+
θ
2
,2+θ((0, T ] × D¯) 	 
	& ξ ∈ (0, 1)' 
 +,
-./ 0
   	 fi


  1

 

  	

   	

   	    d < p < ∞
∂D ∈ C2(Rd−1) 	 f ∈ Cγ(0, T ;Lp(D))   γ ∈ (0, 1) 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  v0 ∈ Lp(D) 
 
v0 = Av0.  5
%	  		
  W 2,p0 (D)' (# "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 6' 
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 1* 	
(I − Φ(0, T ))v0 =
∫ T
0
Φ(r, T )f(r)dr,  7
  Φ(0, s) : W 2,p0 (D) → W 2,p0 (D)  I : W 2,p0 (D) → W 2,p0 (D) 
 
# 		    		
' * 8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  (I − Φ(0, T )) :
W 2,p0 (D) → W 2,p0 (D) 
 *(  		 
 
v0 = (I − Φ(0, T ))−1
∫ T
0
Φ(r, T )f(r)dr,  -
1# 
	*
  5 # )	(	* &(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v(s, ·) = Φ(0, s)v0 +
∫ s
0
Φ(r, s)f(r)dr, s ∈ (0, T ],  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Φ(0, T )  ∏N−1n=0 Φ(tn, tn+1)  0 = t0 < t1 < ... < tN = T  %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 # 	 	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 &
(I − Φ(0, T ))−1  (I −
N−1∏
n=0
Φ(tn, tn+1))
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(  #) 	$  ' 	 $ 	 	
(  $	      (  # )* 	 		+ 	
# 	 	 $ 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min
(s,x)∈D¯T
v(s, x) = min
x∈D¯
vr(x)  ' 
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 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  v0 ∈
L2(D) 		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	&		  I − Φ(0, T ) /  0
 	" ) #
(I − Φ(0, T ))−1 =
∞∑
k=0
Φk(0, T ),
)# Φk(0, T ) 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		  # 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 	 p > d/2 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 Φ(s, t)f 	  $ 	 &   7 " 	 f ≥ 0" & #
	 		" Φ(s, t)f ≥ 0   0 ≤ s ≤ t ≤ T  1 ) #
I := ∫ T
0
Φ(r, T )f(r)dr ≥ 0  Φk(0, T )I ≥ 0   k ∈ N " 	
)     #
v0 =
∞∑
k=0
Φk(0, T )I ≥ 0,  ''
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 1 ∈ C∞((0, T )×D)
,7
  	


 	   	 

 	 
 
  
    	 
τ¯(0, ·) = v0  
 	
	   
 	 
	   !"# 	 $	  	 
		 	  	

 	 
  %$ 

  p = 2
 		 
	 	    	 &	$	 $    '(#
 
   
 	) 	   
  *


	   !"# 	  %$ 
 L2(D) +	 	  fi  $
	 BR : H
1
0 (D)×H10 (D) → R 

	 	 −LR fi $
BR[ϕ, ψ; s] = −
d∑
i=1
∫
D
b˜i(T − s, x)∂iϕ(x)ψ(x)dx,
+
1
2
d∑
i,j=1
∫
D
aij(T − s, x)∂iϕ(x)∂jψ(x)dx    #
 b˜i(s, x) = bi(s, x)+
∑d
j=1 ∂ja
ij(s, x) 	  1 ≤ i ≤ d    
$ 	 B : H ×H → R 
 	   

  	
 α > 0 


B[ϕ, ϕ] ≥ α ‖ϕ‖2H , ϕ ∈ H.   -#
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‖∂xϕ‖2L2(D)
≥ −S(T − s)
2
ϕ2(x)|∂D + σ
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λ ∈ (0, 1)  ϕ, ψ ∈ C (D)   
F (λϕ+ (1− λ)ψ) = 1
2
∫
D
[A(λϕ+ (1− λ)ψ)− (λϕ+ (1− λ)ψ)]2dx
=
1
2
∫
D
[λ (Aϕ− ϕ) + (1− λ)(Aψ − ψ)]2dx
<
1
2
∫
D
[
λ (Aϕ− ϕ)2 + (1− λ)(Aψ − ψ)2] dx
= F (ϕ) + (1− λ)F (ψ).
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F (ϕ) =
1
2
∫
D
((Aϕ)2 − 2(Aϕ)ϕ+ ϕ2)dx
≥ 1
2
∫
D
((1− )ϕ2 + (1− −1)(Aϕ)2)dx
=
1− 
2
‖ϕ‖2L2(D) +
1− −1
2
‖Aϕ‖2L2(D).
  		
  F (ϕ) → ∞ 
 ‖ϕ‖L2(D) → ∞     ! 

  
		 v0 ∈ C (D) 
" F 
#  		" 		
	$  %  

	 	  	
%% DF (ϕ)(φ0)   
  
"	 	   
 	 
	  DF (ϕ)(·) 
   		
 		 	 

  

 	  " &% '
( 
	)$  	
 

* +	 
 	 &
 " ,-..$ /0.$ 01  $
.23) 	   

	 	  "  1	  

%$  " 	
 
 	  " 	
 	 %

 F  4$  	   
 	 

 	 
 +	 

	 	 	  " 	%$  
 5	  +	 

	 
 &") 		 ffi 
 " ,01  3 	%$
	 	 7 fi 	 
 	 	   9$  +	 

	 
 		 

 ffi :
   	 #7;$  
	$ 
  	 : 
	% 
	 	  +	 
 	$    L∗(s) 
  1	55
5 		 "% : & .) # /		 <9 	
$ 
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
∂sw = L
∗(s)w  DT ,
w = 0 	 [0, T ]× ∂D
w(0, ·) = w0, 	 D.
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w(s, ·) = W (0, s)w0, s ≥ 0, &   )
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DF (ϕ)(φ0) =
∫
D
(Aϕ− ϕ)(Φ(0, T )φ0 − φ0)dx, φ0 ∈ L2(D), , + -.
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δF
δϕ
= W (0, T )w0 − w0, , + /.
   w0 = Aϕ− ϕ
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DF (ϕ)(φ0) = lim
→0
1
2
∫
D
(A(ϕ+ φ0)− (ϕ+ φ0))2 − (Aϕ− ϕ)2

dx
= lim
→0
1
2
∫
D
((Aϕ+ Φ(0, T )φ0)− (ϕ+ φ0))2 − (Aϕ− ϕ)2

dx
= lim
→0
1
2
∫
D
((Aϕ− ϕ) + (Φ(0, T )φ0 − φ0))2 − (Aϕ− ϕ)2

dx
= lim
→0
1
2
∫
D
2(Aϕ− ϕ)(Φ(0, T )φ0 − φ0) + (Φ(0, T )φ0 − φ0)2dx.
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 δF
δϕ
∈ L2(D)  
DF (ϕ)(φ0) = 〈δF
δϕ
, φ0〉 =
∫
D
δF
δϕ
(x)φ0(x)dx, φ0 ∈ L2(D).
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−∂swR = L∗R(s)wR 	 DT ,
wR = 0,  [0, T ]× ∂D,
wR(T, ·) = wT ,  D.
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0 =
∫ T
0
∫
D
(∂sφ(s, x)− LR(s)φ(s, x)) · wR(s, x)dxds
=
∫
D
[φ(s, x)wR(s, x)]
T
s=0 dx−
∫ T
0
∫
D
φ(s, x)∂swR(s, x)dxds−
∫ T
0
∫
D
φ(s, x)L∗R(s)wR(s, x)dxds
=
∫
D
φ(T, x)wR(T, x)dx−
∫
D
φ0(x)wR(0, x)dx.
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∫
D
Φ(0, T )φ0(x) · w(0, x)dx =
∫
D
φ0(x)w(T, x)dx.   '
(	
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#
w(0, ·) = wT = Aϕ− ϕ.   2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DF (ϕ)(φ0) =
∫
D
w0(x)Φ(0, T )φ0(x)dx−
∫
D
w0(x)φ0(x)dx
=
∫
D
[w(T, x)− w0(x)]φ0(x)dx.  34
5 φ0  
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v ∈ C(D¯T ) ∩ C1,2(DT )  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DF (v0)(φ) =
∫
D
(w(T, x)− w0(x))φ0(x)dx = 0, φ0 ∈ L2(D).
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0 ≡ w(T, ·)− w0(·) = W (0, T )w0 − w0,
	 w0 	  fi 	  W (0, T ) & w0 ≡ 0 	  fi 	  W (0, T )
 w0 ∈ H2(D) $  fi 	 	  W (0, T )  fi w(s, ·)
$    ! '	 d ≤ 3 $  (! 	 "  w ∈ C(D¯T )∩C1+ θ2 ,2+θ((0, T ]×
D¯) )  	 D 	 $ w(s, ·) ∈ L∞(D)  s ∈ [0, T ] *  pD
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w0(x) =
∫
D
pD(0, T, x, y)w0(y)dy, x ∈ D.
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 Γ ∈ B(Rd)
PD(s, t, x,Γ) :=
∫
D∩Γ
pD(s, t, x, y)dy
= P({Xs,xt ∈ D ∩ Γ} ∩
t⋂
r=s
{Xs,xr ∈ D})
≤ P({Xs,xt ∈ D ∩ Γ})
= P (s, t, x,D).
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‖w0‖∞ ≤ ‖w0‖∞
∫
D
p(0, T, x, y)dy ≤ ‖w0‖∞.
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v(s, x) := Φ(0, s)v0(x) +
∫ s
0
Φ(r, s)f(r)dr ∈ C(D¯T ) ∩ C1+ θ2 ,2+θ((0, T ]× D¯)
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‖Xt∧ηD˜‖2 = ‖x‖2 +
∫ t∧ηD˜
s
(
2〈b(r,Xr), X〉+ ‖σ‖22
)
dr +
∫ t∧ηD˜
s
〈Xr, σdWr〉.
Under the assumption (5.1), Corollary 3.2 of [Has12] implies that Es,x(ηD˜−s) ≤
‖x‖2

. Since Xr∧ηD˜ is bounded for r ∈ [s, t], it follows that
Es,x‖Xt∧ηD˜‖2 ≤ ‖x‖2 +MEs,x[ηD˜ − s] ≤ (1 +
1

)‖x‖2.
By Markov's inequality, it follows that P(‖XηD˜‖2 ≥ R2∗) ≤ R−2∗ (1 + 1 )‖x‖2 ≤
R−2∗ (1 +
1

)r2I → 0 as R∗ →∞. This implies that for sufficiently large R∗, the
process is exits D˜ via ∂D˜1 rather than ∂D˜2, thus
τ¯D|D˜(s, ·) ' τ¯D˜(s, ·),
where τ¯D|D˜ denotes τ¯D restricted to D˜. In practice, R∗ = 2 max{r∗, rD, rI} is
sufficient for weakly dissipative SDEs. We consider two examples and assume
for simplicity that rI = r∗.
It was shown in [FZZ19] that the periodic Ornstein-Uhlenbeck process pos-
sesses a geometric periodic measure [FZ16], furthermore it has a periodic mean
reversion property akin to its classical counterpart. In applications, these prop-
erties are desirable for processes with underlying periodicity or seasonality.
Indeed electricity prices in economics [BKM07, LS02] and daily temperature
[BS07] were modelled by periodic Ornstein-Uhlenbeck processes. In [IDL14],
the authors performed statistical inference of biological neurons modelled by
Ornstein-Uhlenbeck proceses with periodic forcing. In such models, one may
be interested in the expected time in which a threshold is reached. For model
parameter estimation, we refer readers to [DFK10].
Example 5.2. Consider the periodically forced multi-dimensional Ornstein-
Uhlenbeck process
dXt = (S(t)− AXt) dt+ σdWt,
where S ∈ C(R+,Rd) is T -periodic and σ,A ∈ Rd×d with A positive definite
i.e. there exists a constant α > 0 such that 〈Ax, x〉 ≥ α‖x‖2 for all x ∈ Rd.
Denote ‖S‖∞= supt∈[0,T ]‖S(t)‖. By Cauchy-Schwarz inequality and Young's
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inequality, it follows that
2〈S(t)− Ax, x〉 ≤ 2‖S‖∞‖x‖−2α‖x‖2 ≤ ‖S‖
2
∞
α
− α‖x‖2,
i.e. weakly dissipative with coefficients c = ‖S‖
2∞
α
and λ = α. Then
r2∗ =
1
α
(‖S‖2∞
α
+ ‖σ‖2
)
.
Remark 5.1 suggests one can reasonably approximate the unbounded domain
D = (0,∞)d by the bounded domain D˜ = (0, 2r∗)d.
Example 5.3. Consider the stochastic overdamped Duffing oscillator (3.27).
Theorem 3.9 shows that (3.27) satisfies the weakly dissipative condition with
any λ ∈ (0, 2) and
c = sup
(t,x)∈R+×R
f(t, x) + λ sup
x∈R
(x2 − x4),
where
f(t, x) = 2〈b(t, x), x〉+ λx4
= 2x2 − (2− λ)x4 + 2A cos(ωt)x.
By elementary calculus, we compute supx∈R(x
2−x4) = 1
4
and supx∈R f(
pi
2
, x) =
1
2−λ . Hence for x ∈ [−1, 1],
f(t, x) ≤ x2 − (1− λ)x4 + 2|A| ≤ 1
2− λ + 2|A|. (5.2)
For simplicity, let λ = 1, then for  > 0, observe that
∂xf(t, 1 + ) ≤ 4(1 + )− 4(1 + )3 + 2|A|
≤ −4(2 + 3+ 2)
≤ −8+ 2|A|.
Hence it follows that if  ≥ |A|
4
then ∂xf(t, 1 + ) < 0. If A is small, then it
follows that (5.2) is in a small neighbourhood of the maximum of f . Therefore,
(3.27) satisfies the weakly dissipative condition for any fixed λ ∈ (0, 2) and
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c = 1
2−λ + 2|A|+ λ4 for small A, hence
r2∗ =
1
λ
(
1
2− λ + 2|A|+ ‖σ‖2
)
+
1
4
.
For concreteness, suppose that A = 0.12, σ = 2.85 and λ = 1, then r∗ =√
1.57 = 1.25 (2 dp). The heuristic suggests that the process exiting D =
(−1,∞) can be approximated by the bounded domain D˜ = (−1, 2r∗).
Via Monte Carlo simulations, we numerically demonstrate the Remark 5.1
for (3.27) to estimate τ¯D˜(0, x) for different bounded domains D˜. We partition
D˜ into N sdex = 100 uniform initial conditions. For each fixed initial condition
x ∈ D˜, we employ EulerMaruyama method with time intervals of ∆t = 5·10−3
to generate 1000 sample-paths of Xt until it exits D˜. We record and average
the sample-path exit time to yield an estimate for τ¯D˜(0, x). Figure 1 shows
that the estimation of τ¯D˜ are stable for bounded domain D˜ = (−1, 2) and
larger. Where the differences between these curves can be explained by the
randomness of Monte Carlo simulations and sample size. On the other hand,
the estimation of τ¯D˜ differs significantly for D˜ = (−1, 1.5). Physically, this
is interpreted as the artificially boundary R∗ = 1.5 set too low and many
sample-paths leaves via this artificial boundary rather than via −1.
Figure 1: Monte Carlo estimation of τ¯D˜(0, x) with different D˜, plotted for
x ∈ (−1, 3) ∩ D˜.
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Finally, for subsequent analysis, while D˜ = (−1, 2) is sufficient, we shall
will reduce D to D˜ = (−1, 3). We pick this larger domain to accommodate
when we use σ = 1 where r∗ = 1.58 (2 dp).
5.2 Stochastic Resonance
5.2.1 Background
In this section we apply the theory developed for both the periodic meas-
ures and expected exit time to specifically study the physical phenomena of
stochastic resonance. As described in the introduction, stochastic resonance is
the physical phenomena to explain the periodic transitions between metastable
states and is typically modelled by a double-well potential SDE with periodic
forcing.
Section 3.3 shown that time-periodic weakly dissipative SDEs, which in-
cludes double-well potential SDEs, possesses a unique geometric periodic meas-
ure. The existence and uniqueness of geometric periodic measure of double-well
potential SDEs implies that transitions between the metastable states occurs
as well as asymptotic periodic behaviour. Note however this does not neces-
sarily imply that the transitions between the wells is periodic.
In the absence of the periodic forcing i.e. the autonomous case, transitions
between the wells occurs when the noise is sufficiently large for the process
to surmount the well and reach the other well. In this autonomous case,
the double well potential does not evolve in time. With periodic forcing, the
double-well is no longer static. The wells move asymmetrically that is, when
one well goes up, the other goes down. In contrast to the static double well,
transitions are much more likely to occur when the well is at or near the highest
position and the other well is near or is at its lowest position.
Although the double well potential oscillates, as noted, this does not im-
mediately imply the transitions occur periodically. This is a reflection that
despite the well being at its peak, transition is relatively more likely, it is not
guaranteed. If the noise intensity is too small, transition well's peak may not
occur with large enough probability. On the other hand, if the noise intensity
is too large, transitions may occur even when the process at the well's trough
rather than peak. Hence, the system is said to exhibit the phenomena of
stochastic resonance when the noise intensity is fine tuned so that transition
occur at the well's peaks and does not occur at the well's trough with large
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Figure 2: Visual portrayal of a double well SDE exhibiting stochastic
resonance, where depicts transitions between the wells after a half
period at the well's peak.
probability. From a transition time perspective, the system exhibits stochastic
resonance when the expected transition time between the metastable states
is (roughly) half the period [CLRS17]. We portray this heuristic visually in
Figure 2.
For concreteness, we consider specifically the stochastic overdamped Duff-
ing Oscillator (3.27) as our model of stochastic resonance. This is a typical
model in literature [BPSV82, BPSV81, BPSV83, CLRS17, GHJM98, HI05,
HIP05]. As noted (3.27) is a gradient SDE
dXt = −∂xV (t,Xt)dt+ σdWt,
derived from the time-periodic double-well potential V ∈ C1,2(R× R) given
by
V (t, x) = −1
2
x2 +
1
4
x4 − Ax cos(ωt).
In the absence of the periodic forcing (A = 0), V has two local minima at
x = ±1 which are the metastable states and has a local maximum at x = 0, the
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unstable state. We consider the left and right well to be the intervals (−∞, 0)
and (0,∞) respectively. Although the local minima change over time, by the
nature of the problem, we shall normalise the problem to have x = −1,+1 as
the bottom of the left and right well respectively.
Currently, there does not appear to be a standard nor rigorous definition
of stochastic resonance [HI05, JH07]. In the context of this thesis, a working
definition is that the stochastic system is in stochastic resonance if the noise
intensity is tuned optimally such that the expected transition time between
the metastable states is (approximately) half the period [CLRS17]. For the
stochastic resonance problem, let D = (−1,∞) and consider
τσ(s, x) = inf
t≥s
{Xt = −1|Xs = x} − s = inf
t≥s
{Xt ∈ ∂D|Xs = x} − s, x ∈ D.
For convenience, let τσ(x) := τ(0, x), then τσ(x) is interpreted as the sample-
path exit time from initial point x to the bottom of the left-well. In the context
of stochastic resonance, we keep the explicit σ dependence and refer to the exit
time as transition time (between the metastable states).
5.2.2 Estimating by Monte Carlo and PDE
We first demonstrate the validity of solving (4.19) for the expected duration
for the Duffing Oscillator (3.27). Following Example 5.3, we choose the same
parameters A = 0.12, ω = 10−3 and σ = 0.285. The same parameters was
considered in [CLRS17]. As Example 5.3 and Figure 1 demonstrated, we reduce
the unbounded domain to the bounded domain D˜ = (−1, 3). We then estimate
τ¯0.285 by three approaches. In this demonstration, we let τ¯
sde
0.285, τ¯
bfp
0.285 and
τ¯ grad0.285 to respectively represent the Monte Carlo simulation from Example 5.3,
Banach fixed point iteration (Theorem 4.12) and gradient descent iteration via
convex optimisation (Theorem 4.18) approximations to τ¯0.285. Figure 3 shows
these approximations.
For Figure 3, we re-use τ¯ sde0.285 from Example 5.3 for the domain D˜ = (−1, 3).
To compute τ¯bfp0.285 and τ¯
grad
0.285 via PDE methods, we partition D˜ and the time
interval [0, T ] into Npdex = 500 and N
pde
t = b2T c uniform points respectively.
We implement a backward Euler finite different method to evolve IBVPs (4.21)
and (4.43). This yields the gradient (4.46) to compute the gradient descent
iterates vn+1 = vn − γn δFδvn . Due to the strict convexity of F , the rate of
descent γn can be chosen adaptively and large provided F decreases. We
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Figure 3: Numerical approximation of the expected transition time τ¯0.285(x)
by τ¯ sde0.285(x), τ¯
bfp
0.285(x) and τ¯
grad
0.285(x) to SDE (3.27) with parameters A = 0.12,
ω = 0.001, σ = 0.285, s = 0, D˜ = (−1, 3).
continue both the Banach fixed point and gradient iterates schemes until (the
numerical approximation of) F (vn) ≤ 10−5.
Figure 3 shows that τ¯bfp0.285 and τ¯
grad
0.285 are closely approximate each other and
in turn both visually approximate τ¯ sde0.285 well, particularly for initial conditions
starting in the right well. In the absence of an analytic formulae of τ¯0.285, we as-
sume τ¯ sde0.285 is the true solution and numerically estimated the relative error by
‖τ¯ sde0.285−τ¯bfp0.285‖L2(D˜)
‖τ¯ sde0.285‖L2(D˜)
= 0.57% (2 dp). In particular, since our interest lies in expec-
ted transition time between the wells, we compute also
‖τ¯ sde0.285−τ¯bfp0.285‖L2(0,3)
‖τ¯ sde0.285‖L2(0,3)
= 0.1%
(2 dp). The relative errors are very similar for τ¯ grad0.285. The small relative er-
ror validates approximating τ¯0.285 by numerically solving PDE (4.19) by either
τ¯bfp0.285 or τ¯
grad
0.285 for the Duffing Oscillator. It may be particularly remarkable that
the Banach fixed point iterates converges because it is not immediate whether
the associated bilinear form is coercive.
5.2.3 Noise Intensity Fine Tuning
Following Section 5.2.2 where we demonstrated the validity of estimating the
expected transition time by solving the PDE (4.19), in this section, we fine
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tune σ until the stochastic system exhibits stochastic resonance.
For completeness in discussing stochastic resonance, we consider also the
transition from the left well to the right well. Specifically, consider the SDEdYt = [Yt − Y 3t + A cos(ωt)] dt+ σdWt, t ≥ T2 ,YT
2
= y,
and define
τL→Rσ (y) = inf
t≥T
2
{Yt ∈ ∂D|YT
2
= y} − T
2
, y ∈ DL,
where DL = (−∞, 1) and noting that s = T2 . Clearly, by a change of variables,
Y˜t = −Yt+T
2
and since cos(ω(t+ T
2
)) = − cos(ωt), we have that
dY˜t =
[
Y˜t − Y˜ 3t + A cos(ωt)
]
dt− σdW˜t,
Y˜0 = −y,
where W˜t = Wt+T
2
−WT
2
. It follows then that τL→Rσ (y) = inft≥0{Y˜t ∈ ∂D|Y˜0 =
−y}. Note that W˜ and W have the same distribution, hence
τ¯σ(x) = τ¯
L→R
σ (−x), x ∈ D. (5.3)
Indeed the same computation holds provided the drift is an odd function when
A = 0.
Specifically for SDE (3.27) where ω = 0.001, T = 2000pi is the period.
Given (5.3), it is sufficient to cast the stochastic resonance problem as finding
σ∗ 6= 0 such that the transition time from the right well to the left i.e.
τ¯σ∗(1) '
T
2
= 1000pi. (5.4)
i.e. the expected transition time between the wells is half the period.
To fine tune for stochastic resonance, we repeat the same PDE compu-
tations with the same numerical parameters and methods (as for Figure 3),
changing only σ and considering the expected transition time τ¯ gradσ (1) is as a
function of σ. We vary σ in the σ-domain [0.2, 1]. We partition this σ-domain
into two subintervals [0.2, 0.3] and [0.3, 1] and uniformly partition them into 50
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Figure 4: Plot of τ¯ gradσ (1) for σ ∈ [0.2, 1] for SDE (3.27) with parameters
A = 0.12 and ω = 0.001, s = 0 and D˜ = (−1, 3).
σ 0.245 0.2455 0.246 0.2465 0.247
τ¯ gradσ (1) 3388 3346 3306 3267 3230
σ 0.2475 0.248 0.2485 0.249 0.2495 0.25
τ¯ gradσ (1) 3194 3159 3125 3093 3061 3030
Table 1: Computation of τ¯ gradσ (1) (4sf) on a finer partition of σ ∈ [0.245, 0.25].
and 100 points respectively. As a function of σ, we plot the expected transition
time τ¯ gradσ (1) in Figure 4.
It can be seen from Figure 4 that (5.4) is satisfied for some σ∗ ∈ [0.245, 0.25].
We compute further τ¯ gradσ (1) on a finer partition of the interval [0.245, 0.25]
further and tabulate its numerical values in Table 1. Numerically, from Table
1, it can be seen that τ¯ grad0.2485 ' T2 = 1000pi to the nearest 5 · 10−4.
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E[V (t,Xt)] ≤ ec(t−r)E[V (r,Xr)], s ≤ r ≤ t 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 bn  σn  R
+ × Rd  
⎧⎨
⎩
bn(t, x) = b(t, x)  R
+ × Bn,
σn(t, x) = σ(t, x)  R
+ × Bn.
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dXnt = bn(t,X
n
t )dt+ σn(t,X
n
t )dWt,
Xns = x.
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 Xnt  s ≤ t ≤ t′   t′ > s   n ∈ N (
m ∈ N# fi
τmn = inf
t≥s
{Xmt ≥ n}.
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P
{
sup
s≤t≤τn
‖Xnt −Xmt ‖ > 0
}
= 0, m > n.
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  

X˜t := X
n
t , t ≤ τn
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W (t, x) = e−c(t−s)V (t, x)
fi
LW = e−c(t−s)(LV − cV ) ≤ 0.
# 
 
 $ τn(t) = τn ∧ t  !%& 
$ !
E
[
e−c(t−s)V (τn(t), Xτn(t))
]− E[V (s,Xs)] = E
[∫ τn(t)
s
LW (u,Xu)du
]
≤ 0.
 '
	 τn(t) ≤ t  V ≥ 0   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E
[
V (τn(t), X˜τn(t))
]
≤ ec(t−s)E[V (s,Xs)].  (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E
[
V (τn(t), X˜τn(t))
]
≥ E
[
I{τn≤t}V (τn, X˜τn(t))
]
≥ inf
u≥s,‖x‖≥n
V (u, x)P(τn ≤ t).
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 '
P(τn ≤ t) ≤ e
c(t−s)
E[V (s,Xs)]
infu≥s,‖x‖≥n V (u, x)
.
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[V,W ](x) = DV (x)W (x)−DW (x)V (x),
		 DV 		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 V 	 (DV )ij = ∂jVi
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	" fi	  Rd  "	 	
 $%& 	  $"   ◦
⎧⎨
⎩
dXt = A0(Xt)dt+
∑m
i=1Ai(Xt) ◦ dW it , t ≥ 0
X0 = x.
 
)	 A !	  .  Ai   "# 	  "	     / #
	fi	
A˜i0(x) = A
i
0(x) +
1
2
m∑
j=1
d∑
k=1
∂Aij
∂xk
Akj.
	     /  	 dXt = A˜0(Xt)dt+
∑m
i=1Ai(Xt)dW
i
t .
'	   	 $%& fi	 	 -!" 	 "  
		 x ∈ Rd# 	 	"
[Ai0(x)], [Ai0(x), Ai1(x)], [[Ai0(x), Ai1(x)], Ai2(x)], ...,
 1 ≤ i0 ≤ d  0 ≤ i1, ..., im ≤ d - Rd '	 	  " 
0fi" 	*	  	0 (AAT )(x)  	!	   x ∈ Rd
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 $%!&&' 
() %! *! +     ρs = N
(
ξ(s), σ
2
2A
)
  ξ(t) :=∫ t
−∞ e
−A(t−r)S(r)dr    ! , )  ! +
   P   )   
P (s, t, x, ·) = N (e−A(t−s)x+ J(s, t), σ
2
2A
(1− e−2A(t−s))(·),

J(s, t) : =
∫ t
s
e−A(t−r)S(r)dr = ξ(t)− e−A(t−s)ξ(s).
" ξ  T   ρ   T ! -   ρ   
  ffi   P ∗(s, t)ρs = ρt  s ≤ t! /   Γ ∈
B(Rd)  0   
P ∗(s, t)ρs(Γ)
=
∫
R
P (s, t, x,Γ)ρs(dx)
=
1√
πσ2/A
∫
R
N (e−A(t−s)x+ J(s, t), σ
2
2A
(1− e−2A(t−s))(Γ) exp
(
−(x− ξ(s))
2
σ2/2A
)
dx
=
1√
πσ2/A
√
π (σ2/A) (1− e−2A(t−s))
×
∫
Γ
∫
R
exp
(
−
[
y − (e−A(t−s)x+ J(s, t))] 2 + (1− e−2A(t−s))(x− ξ(s))2
(σ2/2A) (1− e−2A(t−s))
)
dxdy.
, J(s, t) = ξ(t)− e−A(t−s)ξ(s),   
[
y − (e−A(t−s)x+ J(s, t))] 2
=
[
y − ξ(t) + e−A(t−s)(x− ξ(s))] 2
=(y − ξ(t))2 + 2(y − ξ(t))e−A(t−s)(x− ξ(s)) + e−2A(t−s)(x− ξ(s))2.
  1
  	 
  

[
y − (e−A(t−s)x+ J(s, t))] 2 + (1− e−2A(t−s))(x− ξ(s))2
=(y − ξ(t))2 + 2(y − ξ(t))e−A(t−s)(x− ξ(s)) + (x− ξ(s))2
=(y − ξ(t))2(1− e−2A(t−s)) + [(x− ξ(s)) + e−A(t−s)(y − ξ(t))]2,
         (y−ξ(t))2e−2A(t−s)  	
      	 
∫
R
exp
(
− (z−μ)2
2σ2
)
dz =√
2πσ2   fi! μ"
P ∗(s, t)ρs(Γ)
=
1√
πσ2/2A
√
π (σ2/A) (1− e−2A(t−s))
×
∫
Γ
∫
R
exp
(
−(y − ξ(t))
2(1− e−2A(t−s)) + [(x− ξ(s)) + e−A(t−s)(y − ξ(t)]2
(σ2/2A) (1− e−2A(t−s))
)
dxdy
=
1√
πσ2/2A
√
π (σ2/A) (1− e−2A(t−s))
×
∫
Γ
exp
(
−(y − ξ(t))
2
(σ2/2A)
)∫
R
exp
(
− [(x− ξ(s)) + e
−A(t−s)(y − ξ(t)]2
(σ2/2A) (1− e−2A(t−s))
)
dxdy
=
1√
πσ2/2A
∫
Γ
exp
(
−(y − ξ(t))
2
(σ2/2A)
)
dy
=:ρt(Γ)
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